We present a case demonstrating the connection between supersymmetric quantum mechanics (SUSY-QM), reflectionless scattering, and soliton solutions of integrable partial differential equations. We show that the members of a class of reflectionless Hamiltonians, namely, Akulin's Hamiltonians, are connected via supersymmetric chains to a potential-free Hamiltonian, explaining their reflectionless nature. While the reflectionless property in question has been mentioned in the literature for over two decades, the enabling algebraic mechanism was previously unknown. Our results indicate that the multi-solition solutions of the sine-Gordon and nonlinear Schrödinger equations can be systematically generated via the supersymmetric chains connecting Akulin's Hamiltonians. Our findings also explain a well-known but little-understood effect in laser physics: when a two-level atom, initially in the ground state, is subjected to a laser pulse of the form V (t) = (nh/τ )/ cosh(t/τ ), with n being an integer and τ being the pulse duration, it remains in the ground state after the pulse has been applied, for any choice of the laser detuning.
I. INTRODUCTION
Reflectionless scattering, that is, scattering without reflection for all values of the spectral parameter, was first studied in the context of light propagation in a spatially inhomogeneous dielectric media [1] . Mathematically, this is equivalent to finding reflectionless potentials for the one-dimensional non-relativistic Schrödinger equation [2, 3] . The underlying mechanism responsible for the reflectionless property of these potentials comes from the algebra of supersymmetric quantum mechanics (SUSY-QM) [4] , which links-via a finite number of intermediate steps-the reflectionless Hamiltonians to a potential-free Hamiltonian [5] [6] [7] [8] . Potential-free Hamiltonians are, in turn, inherently reflectionless.
It was later discovered that these same reflectionless quantum-mechanical potentials, when used as initial conditions for the Korteweg-deVries (KdV) equation, lead to multi-soliton solutions [9, 10] . In particular, the reflectionless potential parameterized by an integer n leads to an n-soliton solution of KdV.
In this paper we present a SUSY-QM interpretation for a known class of reflectionless Hamiltonians [11, 12] that lead to solitons of the sine-Gordon (sG) and attractive nonlinear Schrödinger (NLS) equations. We also conjecture a connection between our SUSY chains and a class of Darboux transformations [13, 14] , thus allowing for a SUSY-QM explanation for the existence of the latter.
II. SUPERSYMMETRIC QUANTUM MECHANICS
Imagine we have two HamiltoniansĤ 0 andĤ 1 , which are differential operators of finite order and dimension, whose coefficients may be functions of space but are asymptotically constant as x → ±∞, so that a scattering problem may be defined for them.Ĥ 0 andĤ 1 are known as supersymmetric partners if they can be factored aŝ
whereÂ andB are also differential operators, and ǫ is a constant, multiplied by the appropriate identity. The operatorsÂ andB also intertwine the Hamiltonians:
Eigenstates ofĤ 0 andĤ 1 are related bŷ
where |ψ 0 is an eigenstate ofĤ 0 and |ψ 1 is an eigenstate ofĤ 1 with the same eigenvalue [5] . It is also possible to have a hierarchy, or chain, of such supersymmetric partners:
In the case of a SUSY-QM chain, eigenstates ofĤ n will be linked to eigenstates ofĤ m as
whereΥ n←m =B nBn−1 . . .B m in this particular case. More generally, the operatorΥ n2←n1 constitutes a socalled intertwiner that relates Hamiltonian aĤ n1 to a HamiltonianĤ n2 . We define an intertwiner as an operator that obeys the following property:
which guarantees thatΥ n2 ← n1 acting on an eigenstate ofĤ n1 produces a linear combination of the eigenstates ofĤ n2 of the same energy. The intertwiners can be nested asΥ n2
Note that in our casê Υ l ← l−1 =B l , hence the expression forΥ n ← m above.
Of particular interest is the case in which one of the members of the chain, sayĤ 0 , is "potential-free" in the sense that it is a differential operator whose coefficients are constant everywhere.Ĥ 0 is inherently reflectionless since its eigenstates are just plane waves. If the coefficients in theΥ l←l−1 are asymptotically constant, relationship (2), considered at m = 0, implies that every other member of the supersymmetric chain (1) is also reflectionless. In general, Hamiltonians are reflectionless if they are connected to a potential-free Hamiltonian via a supersymmetric chain.
III. AKULIN'S HAMILTONIANS
We studied a class of 2×2 matrix differential operators given byĤ
n = . . . , −3, −2, −1, 0, +1, +2, +3, . . . , which we refer to as Akulin's Hamiltonians (see pp. 208-210 in [11] ). We found a (non-unique) supersymmetric chain linking all the Hamiltonians of form (4) . SinceĤ 0 is potential-free and inherently reflectionless, every other member of the chain is also reflectionless. These Hamiltonians are not directly linked, however; there is an intermediate Hamiltonian, which we refer to asĤ n+1/2 , betweenĤ n andĤ n+1 . The HamiltoniansĤ n+1/2 do not appear to have any physical significance and furthermore, they contain spatial-dependencies that diverge as x → ±∞, making the definition of a scattering problem impossible.
We used several symmetries of the HamiltoniansĤ n to remove some ambiguities in defining such a chain. Consider the following transformations of operators:
, whereR refers to the operation x → −x, and denotes a slot for the operator on which the transformation is applied. Under these actions, the Hamiltonians transform simply:
corresponding to 180
• rotations about coordinate axes, plus an identity. As a result, at every step of the SUSY-QM chain, the chain quadrifurcates aŝ
where 
with factorization constants
Note that different T produce completely different intermediate HamiltoniansĤ n+1/2 . The four two-link SUSY-QM chains connectingĤ n toĤ n+1 via different intermediate HamiltoniansĤ n+1/2 are illustrated in Fig. 1 .
The intertwiners linking eigenstates ofĤ n to eigenstates ofĤ n+1 (Υ n+1 ← n ), and the intertwiners linking eigenstates ofĤ n to eigenstates ofĤ n−1 (Υ n−1 ← n ) can be easily extracted from the chain (5): 
Interestingly, while in the intermediate expressions, the intertwiners depend on T , this dependence disappears in the final expressions (6). Thus, like HamiltoniansĤ n , the intertwiners form a one-dimensional representation of the group Dih 2 .
This (unexplained) property is nontrivial, because the eigenstates ofĤ n are doubly-degenerate, and thus, generally, different versions of the intertwiners can target different linear combinations of the eigenstates.
IV. SOME EXTENSIONS OF THE CLASS OF REFLECTIONLESS HAMILTONIANS
So far, we have shown that HamiltoniansĤ n = σ z ∂ x − σ x w n (x) are reflectionless for w n (x) = n/ cosh(x), for all integer values of n. Here, σ x,y,z are Pauli matrices. It can be easily shown that the class of reflectionless Hamiltonians can be extended tô
where σ + = σ x + iσ y .
V. INVERSE SCATTERING METHOD
The inverse scattering method was developed to solve the initial value problem for integrable nonlinear partial differential equations (NPDE's). Associated with each integrable NPDE are two linear differential operators, L =L(u) andM =M (u), known as the Lax pair. The solution u(x, t) of the NPDE appears as a necessary condition forL andM to satisfy a Heisenberg-type equatioṅ L = [M ,L] [15, 16] . Trivially related toL is a HamiltonianĤ that defines a spectral problemĤψ = λψ [16, 17] . In the case of KdV,L =Ĥ. For the sine-Gordon and attractive nonlinear Schrödinger equations,L =σ z (Ĥ − λ). The eigenvector ψ evolves in time throughM .
The procedure for finding u(x, t) is as follows. First, find the scattering data at t = 0, S(0), forĤ(u(x, 0)). Next, use the time evolution throughM to find the scattering data at time t, S(t). Lastly, invert the scattering data at time t to find u(x, t). If theĤ operator for a NPDE is reflectionless, then the inversion formula, known as the Gel'fand-Levitan-Marchenko integral equation, greatly simplifies [15, 16] , reducing to a system of algebraic equations, and leads to soliton solutions of the NPDE. Thus, finding SUSY-QM chains of reflectionless Hamiltonians becomes a method of generating large families of multi-soliton solutions of the corresponding NPDE.
VI. SOLITONS OF THE SINE-GORDON EQUATION
The sine-Gordon equation is given by
where u = u(x, t), and x and t are light-cone coordinates, related to lab-frame coordinatesx andt by x = (x+t)/2, t = (x −t)/2. Direct-scattering for sG is done via:
where q(x, t) = −u x (x, t)/2. For η = φ 0 = 0, Akulin's Hamiltonians (7) have this same structure, and they give reflectionless direct-scattering initial conditions for the sine-Gordon equation. Several known solitonic solutions of sG can be identified. In particular,Ĥ ∓1 (ξ ≥ 
The HamiltonianĤ ∓2 (ξ ≥ 0, 0, x 0 , 0) leads to a twosoliton solution,
which consists of two kinks(anti-kinks) that, at t = 0 collide at x 0 with velocities v 1 = +1/2 and v 2 = −1/2 in the lab frame (Fig. 2) , and that are observed from a reference frame of velocity V = (3ξ 2 − 1)/(3ξ 2 + 1) with respect to the lab frame.
VII. CONNECTION BETWEEN THE SUSY INTERTWINERS AND DARBOUX TRANSFORMATIONS
At this point, it is instructive to compare the intertwiners (6) to the (well-known) Darboux transformations [13, 14] , that also allow the generation of new soliton solutions of nonlinear equations from known solutions. In the context of the sine-Gordon equation, the Darboux connection states, in particular, that for any eigenstate |ψ(λ) of the HamiltonianĤ SG (8) (parametrized by some q(x)) corresponding to an eigenvalue λ, the state
is an eigenstate of a new HamiltonianĤ SG (parametrized byq(x)) with the same eigenvalue. The intertwining operatorÛ has the form
and the new field q is
, and (ϕ 1 (x), ϕ 2 (x)) T = |φ(λ 0 ) forms a "fixed" eigenstate of H SG of an eigenvalue λ 0 . We conjecture that for any intertwinerΥ (6) identified above, there exists a Darboux operatorÛ (9) , such thatΥ andÛ coincide on the subspace of the eigenstates ofĤ SG of eigenvalue λ. For example, the choice of λ 0 = 1/2 and |φ(
T leads to the intertwinerΥ +1 ← 0 (6).
According to our conjecture, our intertwiners do not generate new, previously unknown solutions of the sineGordon equation. Nevertheless, the intertwiners (6) allow one to interpret the Darboux links between various HamiltoniansĤ SG (8) as a consequence a hidden SUSY-QM structure. Recall that in the case of the KdV equation (whose analog ofĤ SG is the usual stationary linear Schrödinger operator), a similar interpretation is well known [5] [6] [7] [8] . At the same time, we know of no published work which finds a similarly simple explanation for the existence of Darboux intertwiners (9) .
VIII. SOLITONS OF THE NONLINEAR SCHRÖDINGER EQUATION
The nonlinear Schrödinger equation with attractive interactions is given by
Direct-scattering is done witĥ
with q(x, t) = u(x, t). Akulin's Hamiltonians (7), H ±1 (ξ > 0, η, x 0 , φ) produce all one-soliton solutions:
where v = 2η is the soliton velocity, x 0 is its initial position, φ is its phase [16] , x ′ = ξ(x − vt − x 0 ), and t = ξ 2 t. In turn,Ĥ ±2 (ξ > 0, η, x 0 , φ) generates the following breather-like two-soliton solutions:
where v, x 0 , and φ now correspond to the velocity, initial position, and the overall phase of the breather, respectively. All n-soliton solutions of this type were first obtained, using the inverse scattering method, in Ref. [18] . Note that in the NLS case, as well as in the sG case, multisoliton solutions can be generated via Darboux transformations [13, 14] .
3: Sech-shaped laser pulse: our SUSY-QM connection of Akulin's Hamiltonians to the potential-freeĤ0 also explains a series of specific laser pulse shapes that exhibit a zero groundexcited population transfer for any value of the laser detuning.
IX. THE SECH-SHAPED LASER PULSES
Akulin's Hamiltonians were first studied by Akulin in the context of a two-level, time-dependent system [11] that maps to the spatial scattering problem we have considered in this paper: here we present the original problem. Consider a two-level atom subjected to a timedependent pulse of the form V eg (t) = V / cosh (t/τ ) and detuning ∆. Here V is the amplitude of the pulse, τ is its duration, and |e and |g are the excited and ground states, respectively. If we represent the probability amplitudes of the ground and excited states by ψ g and ψ e , respectively, the dynamics of the system will obey
It is known that for specific values of the pulse amplitude, given by V = nh/τ , where n is an integer, the transition probability is zero regardless of the detuning choice ∆ [11] (Fig. 3) . Mathematically, this property was not well understood. However, a re-interpretation of this problem as finding eigenstates of a reflectionless Akulin's HamiltonianĤ n (ξ = 1/τ, 0, 0, π/2) (7) with an eigenvalue λ = −i∆/2 explains the absence of the population transfer in the pulse propagation.
X. SUMMARY AND OUTLOOK
We have shown that Akulin's Hamiltonians (4) are connected to a potential-free Hamiltonian via supersymmetric chains (5), explaining their reflectionless nature. Akulin's Hamiltonians lead to multi-soliton solutions when used as direct-scattering initial conditions for the sine-Gordon and attractive nonlinear Schrödinger equations. Additionally, we explain why laser pulses of the form V (t) = (nh/τ )/ cosh(t/τ ) do not transfer population between the levels of a two-level atom, for any choice of detuning.
The most immediate open question is what specific multi-soliton solutions theĤ n 's correspond to for n > 2 for the sine-Gordon equation. (The soliton solutions generated byĤ n for the nonlinear Schrödinger equation are given in Ref. [18] .) Additionally, our analysis only contains one free-parameter ξ, which is not sufficient to fully classify the known multi-soliton solutions. Additional freedoms may come from different factorization energies leading to other SUSY-QM chains (similar to the analysis in Ref. [6] for the KdV case), and from the inclusion of spatial-shifts to the initial conditions at every step of the SUSY-QM chains.
